The modified gravity with ln R or R −n (ln R) m terms which grow at small curvature is discussed. It is shown that such a model which has well-defined newtonian limit may eliminate the need for dark energy and may provide the current cosmic acceleration. It is demonstrated that R 2 terms are important not only for early time inflation but also to avoid the instabilities and the linear growth of the gravitational force. It is very interesting that the condition of no linear growth for gravitational force coincides with the one for scalar mass in the equivalent scalar-tensor theory to be very large. Thus, modified gravity with R 2 term seems to be viable classical theory.
1. Introduction. The astrophysical data from high redshift surveys of type Ia supernovae [1] and from the anisotropy power spectrum of CMB [2] change our image of current universe which seems to be accelerating. The theoretical foundation which is used to construct such universe is also quickly evolving. In particular, the popular explanation of current universe acceleration is based on the dominance of some mysterious, exotic matter called dark energy. There is still no the satisfactory theoretical explanation for the origin of this exotic matter which should appear precisely at current epoch.
Having in mind that more astrophysical data will be available soon, it seems the right time to search for alternative explanation of current cosmic speed-up. In recent papers [3, 4] (see also [5] ) it has been suggested the gravitational alternative for dark energy. The key idea is to modify the Einstein action by 1/R term which dominates at low curvature. Remarkably, that such terms may be predicted by some compactifications of string/Mtheory [6] . Unfortunately, it has been found [7, 8] that 1/R model contains unacceptable instabilities which does not appear in the Palatini version of the theory [9, 10, 11] . Moreover, the equivalent scalar-tensor theory which seems to be non-realistic [12] in the standard formulation due to solar system observations [13] becomes viable in Palatini form.
Nevertheless, more complicated modification of Einstein gravity of the form R 2 + R + 1/R [14] predicts the unification of the early time inflation and late time cosmic acceleration in the standard , metric formulation. Moreover, the instability found in ref. [7] is significally suppressed by higher derivative(HD) R 2 term or other HD terms like R 3 . The solar system test for equivalent scalar-tensor theory [12] may be passed because scalar has large mass induced again by HD terms. The consideration of such theory in Palatini form has been recently done [15] . It is shown that account of R 2 term makes the theory viable also in Palatini form.
In the present paper we continue the search for the realistic modified gravity which may provide the gravitational alternative for dark energy. As such a model, we suggest to account for the ln R terms in modified gravity. Such terms are basically induced by quantum effects in curved spacetime. Various versions of such modified gravity may eliminate the need for dark energy and may serve for the unification of the early time inflation and cosmic acceleration. HD terms again suppress the instability and improve the solar system bounds so that the theory may be viable. The correction to the gravitational coupling constant may be small enough too. 2. General formulation and simplified model. One may start from rather arbitrary function F (a, b µ , c, g µν ) which depends on two scalars a, c, one vector b µ and metric g µν . The general starting action is:
Here R is the scalar curvature. Introducing the auxiliary fields A and B, one may rewrite the action (1) as following:
By the variation over B, A = R follows. Substituting it into (2), the action (1) can be reproduced. Making the variation with respect to A first, we obtain
which may be solved with respect to A as A = G(B). In general, A is solved non-locally as a function of B. Eliminating A in (2) by using G(B), we obtain
Instead of A, one may eliminate B and arrive at the equivalent action. The scalar field σ may be defined σ = − ln B = ln f (A). One can scale the metric by g µν → e σ g µν . Then the action (4) can be rewritten as
It is given in the Einstein frame. On the other hand, the (physical) action (4) is given in the Jordan frame.
As the simple example, we consider the following case:
One finds
which can be solved non-locally with respect to A. Then the complicated expression for the potential follows
.
We may consider more general example
This model is very complicated. If we consider the case R is almost constant, the second term turns to the (cosmological) constant. The natural starting model looks as follows:
Furthermore, m = 2 choice simplifies the model. The generalizations of this model will be considered at final section. The correspondent R 2 term at large curvature leads to well-known trace anomaly driven (Starobinsky) inflation. Assuming the scalar curvature is constant and the Ricci tensor is also covariantly constant, the equations of motion corresponding to the action (1) are: 3
If α ′ > 0, f (R) is monotonically increasing function and we have lim R→0 f (R) = −∞ and lim R→+∞ f (R) = +∞. There is one and only one solution of (11) . This solution may correspond to the inflation. On the other hand, if α ′ < 0, lim R→0 f (R) = ∞ and lim R→+∞ = +∞. Since
Since the square root of the curvature R corresponds to the rate of the expansion of the universe, the larger solution in two solutions might correspond to the inflation in the early universe and the smaller one to the present accelerating universe.
For m = 2 case, we have
which can be solved with respect to A:
In the branch that the r.h.s. in (12) is negative, one may choose
Then instead of (5), we obtain
As the sign in front of the scalar curvature R is changed, this seems to be the indication to the anti-gravity. Of course, the anti-gravity should not be real but apparent since the physical theory in the real spacetime should be given by (1) with (10) (m = 2 case). The potential is
Then in terms of σ, V (σ) can be expressed as
V (A) can be expressed in a similar way. If A is small, from (12) it follows A ∼ ±α ′ e σ . Here + (−) sign corresponds to the case that the r.h.s. in (12) is positive (negative), which also corresponds to the case that α ′ > 0 (α ′ < 0). Then A → 0 corresponds to σ → −∞ and V (σ) (Ṽ (σ) ) behaves as
On the other hand, when A is large, we find
Then V (A) is monotonically increasing function for large A if β > 0 and approaches to a constant 1 4β . In order to find the extrema of V (A) andṼ (A) one differentiate them with respect to A:
. As A 0 is not a solution of (11) , this may be artificially caused by the rescaling. In fact, A 0 corresponds to the point that the mapping (12) is degenerate, that is, de −σ dA = 0 at A = A 0 . Anyway we may discuss the (in)stability of the solution in (11) by using the potential V (A). When α ′ , β > 0, let the solution corresponding to (11) be A 1 . Combining (18), (20), and (21), one finds that if (18), (20), and (21) again, we find that there are three cases:
When α ′ > 0, a typical (conceptual) potential is given in Figure 1 . There may be the following scenario of the inflation and of the present accelerating universe: If we start with large curvature A = R = R initial , the inflation occurs due to the large curvature. Since the potential is slowly increasing, the curvature rolls slowly down the potential and becomes smaller. If the curvature reaches the local minimum A = R = R 0 , the curvature will stay there with non-trivial value R = R 0 = 0, which may correspond to the present acceleration of the universe. As the potential plays a role of the cosmological constant, the ratio w of the effective pressure with respect to the effective energy density becomes minus unity, w = −1. As we will show later in (41), by fine-tuning the parameters, the σ-field can become heavy and decouple. 3. Cosmic deceleration in ln R gravity. Let us assume the metric in the physical (Jordan) frame (4) is given in the FRW form:
In the Einstein frame, the FRW equation looks like
Here we distinguish the quantities in the Einstein frame by the subscript E. The Hubble parameter H E is now defined by H E ≡˙â Ê a E . On the other hand, the equation derived by the variation over σ is
We now consider the case that A or the scalar curvature in the Jordan (physical) frame is small and the potential is given by (18). Then the solution (in the leading order of t E ) of the combined equations (23) and (24) is given by
The time coordinate t E in the Euclidean frame is related with the time coordinate t in the (physical) Jordan frame by e σ 2 dt E = dt. As a result t
The power law inflation occurs in the physical (Jordan) framê
Since we haveȧ > 0 butä < 0, the deccelerated expansion occurs. In case of the original 1/R model in [3] , the solution isâ ∝ t 2 . This might suggest that for the model containing R n (−1 < n < 0), one may have more moderately accelerating universe:â ∝ t m ( 1 2 < m < 2). From (23) and (24), we may evaluate
Eqs.(26) indicate H =˙â a = 1 2t . Since H 2 = κ 2 6 ρ, the energy density ρ corresponding to σ may be defined as ρ = ρ 0 t 2 . Here ρ 0 is a constant. Denoting the pressure of σ by p and substituting the above expressions of H and ρ to the conservation law for the energy-momentum tensor one finds w ≡ p ρ = 1 3 , which is nothing but that of the radiation.
One may account for the matter contribution to the energy-momentum tensor. When it is dominant compared with the one from σ, the obtained results are not changed from those in [3] where the possibility of cosmic acceleration in 1/R model was established.
Instabilities and corrections to gravitational coupling constant.
We now discuss the (in)stability of our model under the perturbations. In [7] , small gravitational object like the Earth or the Sun in the model [3] is considered. It has been shown that the system quickly becomes instable.
Following to the idea in ref. [14] we start from the action (1), where F is given by (10) with m = 2. If the Ricci tensor is not covariantly constant, the trace of equation of motion with matter is given by 5
Here T = T ρ ρ . In case of the Einstein gravity, where α ′ = β = 0, the solution of Eq.(28) is given by R = R 0 ≡ − κ 2 2 T . The perturbation around the solution may be addressed
Then by linearizing (28), we obtain
Here
If U(R 0 ) is negative, the perturbation R 1 grows up exponentially with time.
The system becomes instable. By including the R 2 -term, the time for instability to occur is significally improved (by the order of 10 29 ) [14] , compared with the original 1/R model in [3] . If the coefficient of R 2 is already fixed by some other condition, one can use other HD terms (like R 3 ) to eliminate the instability completely.
In [8] , it has been found that the linearly growing force appears in 1/R model due to a diffuse source in a locally deSitter background:
which is a solution, with a constant curvature R 0 = 12H 2 , of the equation corresponding to (28) or (11) for the vacuum case. If we consider the perturbation (29) by assuming
, the solution R 1 is a sum of two independent solutions f 0 (y) and f −1 (y):
for the vacuum solution. If we assume there is a spherical matter source with mass M and the radius r 0 as in [8] , the coefficients β 1 and β 2 are determined by
Here 16πG = κ 2 . It is assumed that the source exists in y ≤ y 0 . Since for the size of galaxies, y = 10 −6 and for the typical distance between galaxies, y = 10 −4 , one may assume y 0 ≪ y ≪ 1 [8] . Then β 2 ≪ β 1 and term with β 2 may be neglected. If we denote the trace part of the perturbation of the metric by h, we find
(35) Then there appears a linear growth as in [8] , which might be a phenomenological disaster. However, that was the case with large β. In more general case, the equation corresponding to (30) has the following form:
As clear from Eq.(11), R 0 does not depend on β.
, U(R 0 ) becomes very large and we find R 1 → 0 in the vacuum, which is identical with the case of the Einstein gravity with cosmological constant. Then contrary to the case of ref. [8] , there does not appear the linear growth of h ′ (y) but h ′ (y) behaves as y −2 , which does not conflict with the present cosmology. We should also note that the condition β → α ′ 2R 2 0 is identical with the condition that σ-field decouples (41), as will be shown below. Hence, modified gravity with terms growing at small curvature and with higher derivative terms important for early time inflation may be viable theory.
It has been mentioned in ref. [12] that 1/R model which is equivalent to some scalar-tensor gravity is ruled out as realistic theory due to the constraints to such theories. As the coupling of σ with matter is not small [11] , we now calculate the square of scalar mass, which is proportional to V ′′ (σ). We consider the fluctuation from the solution (25). Then
Here we have used t [3] . Since the Hubble parameter is given by H =˙a a = 1 2t , in the present universe, we have 1 t ∼ H 0 . Here H 0 ∼ 10 −33 eV is the Hubble parameter of the present universe. Then
Surely H 0 is very small but we have no restriction (or we have not found it) on t 0 . Then if t 0 is very large, the mass of σ can be large. Assuming the mass is larger than 1 TeV, we have t 0 ∼ 10 78 eV −1 . As α ′ t 2 0 ∼ O(1) (27), α ′ ∼ (10 −78 eV) 2 . This indicates that such class of theories may still pass the solar system bounds for scalar-tensor gravity. Moreover, the account of the terms with derivatives of the curvature 6 may permit to pass the solar system tests even easier.
One may consider the case that the present universe corresponds to the solution (11) . In such a case, by tuning the parameters β and α ′ , the mass of σ can be made large again. Let us write the solution(s) of (11) as A 1 for α ′ > 0 case and A ± for α ′ < 0 case. Then
Choosing
for α ′ > 0 or
for α ′ < 0 , the mass of σ becomes large again. Thus, HD term may help to pass the solar system tests for ln R (or 1/R) gravity. Finally, we calculate the corrections to gravitational coupling constant. The easiest way is to consider the perturbation around the constant curvature solution (11) . We now write the metric as g (0) µν corresponding the solution and the constant scalar curvature as R (0) = 12 l 2 . The metric is splitted into the background part g (0) µν and the perturbation h µν :
The following gauge conditions are imposed:
The first condition is chosen to simplify our discussion as graviton is spin 2 field. Then
Using the equation 0 = R (0) + 2α ′ ln R (0) µ 2 − α ′ , the expanded actionS has the following form:
(46) Here the total derivative term is dropped. In case of the Einstein action with a positive cosmological constant
which has deSitter solution, the corresponding linearized action is:
Comparing (48) with (46), the gravitational constant κ is renormalized as
The Newton potential will be modified respectively. When R 0 = 12 l 2 corresponds to the rate of the expansion of the present universe, one gets R 0 ∼ 12 l 2 ∼ µ 2 ∼ 10 −33 eV. In (49), β-dependent term is of the same order term as second term when scalar has large mass. With the assumption α ′ ∼ (10 −33 eV) the correction may be significant. We may, however, consider the case α ′ is much smaller than 10 −33 eV, since there seems to be no constraint for the value of α ′ itself. We only have a constraint (27) and t 0 can be very large. In such a case, the correction to the Newton constant can be very small and the starting theory has acceptable newtonian limit.
One may discuss further generalizations of modified gravity like
Here we restrict n by n > −1 (m is arbitrary) in order that the second term 7 could be more dominant than the Einstein term when A is small. n and m can be fractional or irrational numbers in general. When the physical scalar curvature A = R is small, we find
when n = 0 and
when n = 0. With the similar procedure as in the previous sections, σ ∼ − 2(n+1) (n+2) ln t E t 0 + m(n+1) n+2 ln ln t E t 0 + · · · (n = 0) , σ ∼ − ln t E t 0 − m 2 ln ln t E t 0 + · · · (n = 0) , γ t 2 0 ∼ O(1) .
As a result
This does not depend on m. The logarithmic factor is almost irrelevant. We also find the effective w for the σ-field is w = − 6n 2 + 7n − 1 3(n + 1)(2n + 1)
Then w can be negative if −1 < n < − 1 2 or n > −7 + √ 73 12 = 0.1287 · · · .
From (54), the condition that the universe could accelerate is (n+1)(2n+1) n+2 > 1, that is:
Clearly, the effective dark energy w may be within the existing bounds. Thus, we demonstrated that modified gravity with ln R or R −n (ln R) m terms may be responsible for the current acceleration of the universe. Hence, like the simplest 1/R modified gravity this provides the gravitational alternative for dark energy. Moreover, the presence of HD terms like R 2 (which may be responsible for early time inflation) helps to pass the existing arguments (instabilities, solar system tests) against such modification of the Einstein gravity. The theory may also have the well-acceptable newtonian limit. It is clear that much more work is requiered to (dis)prove that one of the versions of such modified gravity is currently realistic theory. Nevertheless, the fine-tuning of parameters of modified gravity to provide the effective gravitational dark energy looks more promising than the introduction by hands some mysterious fluid. Figure 1 : A typical potential when α ′ > 0. We may start with large curvature A = R = R initial (inflation). Then the curvature rolls down the potential slowly and stops at the small curvature A = R = R 0 (the present accelerating unvierse).
